A more accurate analytical approximate expression for the slope at any point of the elastic curve of a slender cantilever column is obtained by using a heuristic but pedagogical derivation. This derivation is based on the linearization of the nonlinear differential equation that governs the postbuckling of the cantilever column. The expression proposed depends on two unknown parameters, which are obtained by comparing, term by term, the power series expansions of the approximate and exact expressions for the total length of the column. The results obtained with this new approximate expression are compared with the exact ones and with two approximations previously published in the literature. The numerical results show that the two previous approximations are not nearly as accurate as the new expression presented in this paper.
Introduction
The study of nonlinear problems is of crucial importance in many areas of science and engineering, as most phenomena in our world are essentially nonlinear [1, 2] and they are described by nonlinear equations. It is very diffi cult to solve nonlinear problems and, in general, it is often more diffi cult to get an analytic approximation than a numerical one of a given nonlinear problem [2] . Nevertheless, some analytic techniques have been used to fi nd approximate solutions to nonlinear problems [3] , such as perturbation techniques [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] or methods based on harmonic balance [5, [14] [15] [16] [17] [18] . In general, given the nature of a nonlinear phenomenon, the approximate methods can be applied within only certain ranges of the physical parameters and or to certain classes of problem [11] .
There are innumerable physical and engineering problems that can be modeled as second-order, nonlinear, ordinary differential equations. One of these problems is the study of the nonlinear post-buckling of thin cantilever columns. Slender structural components, such as beams and columns, constitute basic parts of many structures [19] [20] [21] . For example, slender cantilever columns are used as struts, carrying compressive loads, and mechanical systems such as satellite tethers, marine cables and robotic arms employ slender elements for transmission of forces, signals and power. They are usually designed to accept large displacements, but deformations are kept within the elastic regime.
One of the examples illustrating the buckling phenomenon is the classical problem of the elastica [22] [23] [24] [25] [26] [27] [28] [29] [30] . Thin cantilever columns, being fl exible, exhibit large defl ections and slopes. Because of the large defl ections, geometrical nonlinearity occurs [2, 20, 23, 26, 28] . If the thickness of the cantilever column is much less than its length, the theory of elastica [21, 22] adequately describes the large, nonlinear displacements due to the loads. In this theory, deformations are due mainly to bending moments and it is usual to begin with the classical Bernoulli-Euler beam theory, expressed by the nonlinear differential equation that relates defl ection to load [25] . The following assumptions are inherent in this theory [27] : the column is linearly elastic; the neutral axis for post-buckling of the column is inextensible; and the effects of Poisson's ratio and transverse shear deformations are negligible. According to the Bernoulli-Euler equation, the bending moment is proportional to the curvature.
It is important for mechanical and civil engineering students to understand the mechanics of the buckling of these structure members. In addition, the post-buckling of a slender cantilever column provides an excellent opportunity for students to use approximation concepts to study nonlinear behavior associated with large-angle displacements. In this paper, the problem of the post-buckling of a cantilever column of linear elastic material subjected to a concentrated load at its free end is considered. First, we present the nonlinear differential equation for the defl ection curve (elastic curve) in the general case of large defl ections [22, 28] . However, we shall investigate this problem by using a different approach: a search for an analytical method to obtain an approximate solution for the slope at any point along the arc length with respect to the horizontal by using a linear analogy. If j is the slope at any point of the elastic curve of the column, we substitute the nonlinear sinj instead of the linear function j (valid only for small values of j), but by a function proportional to the angle j, with the proportionality 'constant' being a function f(j 0 ) of the slope at the free end of the column, j 0 .
Several approximation schemes have been developed to investigate the situation for the post-buckling of a cantilever column, and in this paper we provide yet another. The approximate expression for the slope at the free end of the column derived here is quite accurate for very large slopes and we will see that this expression is more accurate than similar, simple approximations suggested by us [29, 30] . The expression of the function f(j 0 ) proposed in this paper depends on two parameters, m and n, which are found by comparing, term by term, the power series expansions of the approximate and exact expressions for j 0 , the slope at the free end of the column. As we can see, this implies that the expansion of the expression obtained for the length of the column to the third term is the same as the expansion of the exact solution for the length of the column.
Theoretical formulation
We consider a long, slender, cantilever elastic column of uniform cross-section. In this study, we assume that the beam is nonextensible and strains remain small. Firstly, we assume that Bernoulli-Euler's hypothesis is valid, i.e., plane cross- sections which are perpendicular to the neutral axis before deformation remain plane and perpendicular to the neutral axis after deformation. Next, we also assume that the plane sections do not change their shape or area. The formulation of the problem is mainly based on an important relation of the fl exure theory, the moment-curvature relationship. It is possible to write the Bernoulli-Euler bending moment-curvature relationship as follows [21] [22] [23] [24] [25] [26] [27] [28] [29] :
where E is the Young's modulus, and M and r are the bending moment and the curvature radius at any point of the column, respectively, and I is the moment of inertia (the second moment of area) of the beam cross-section. Taking into account the relation 1/r = dj/ds, where the defi nition of j and s can be seen in Fig. 1 , it is possible to write equation 1 as follows:
This equation involves the bending moment, M, and governs the defl ections of beams and columns made of linear type material under general loading conditions. In equation 2, j(s) is the slope at any point along the arc length with respect to the horizontal, and s is the arc length measured from the fi xed end. We will consider the post-buckling of a slender cantilever column, subjected to one vertical concentrated load at the free end, by supposing that the defl ection due to its own weight is null. This implies considering a massless column. As we will see, this approximation is valid if the weight of the column is much less than the critical load [28, 29] . Fig. 1 shows a vertical slender cantilever column of length L with a concentrated load F applied at its free end. In Fig. 1 , x f and y f are the vertical and horizontal displacements at the free end, respectively, and j 0 is the slope of the column at the free end. We take the origin of the Cartesian coordinate system to be the fi xed end of the column and let (x,y) be the coordinates of point A, and s the arc length of the column between the fi xed end and point A. In order to obtain the equation that governs the post-buckling of the column, we differentiate equation 2 once with respect to s, and we obtain:
In equation 3 we assume a constant lengthwise cross-sectional area and moment of inertia. As we can see from Fig. 1 , the bending moment, M, at point A, with Cartesian coordinates (x,y), is given by:
where x f − x is the distance along the x-axis from the section of the column at point A to the free end, where force F is applied ( Fig. 1 ). By differentiating equation 4 once with respect to s and taking into account the relation sin j = dx/ds, we obtain:
Substituting equation 5 into equation 4, we obtain the nonlinear differential equation that governs the post-buckling of a slender cantilever column made of a linear material under the action of a vertical concentrated load at the free end:
To solve equation 6, we take into account that j(0) = 0, and at the free end j(L) = j 0 , where j 0 is the unknown slope at the free end of the column (see Fig. 1 ), and from equations 2 and 4 it follows that:
Equation 6 , although straightforward in appearance, is in fact rather diffi cult to solve because of the nonlinearity of the trigonometric function sin j. There are no analytical solutions for the above differential equation. In fact, the solution is expressed in terms of elliptic integrals [28] (see Appendix).
After obtaining j as a function of s, the x and y coordinates of any point of the elastic curve of the cantilever beam are found as follows: where it has been taken into account that, from Fig. 1 , sin j = dx/ds and cos j = dy/ds. From Fig. 1 , it is easy to see that the horizontal and vertical displacements, d x and d y , at the free end can be obtained from equations 8 and 9 for s = L:
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Some linearized approximations for the nonlinear differential equation
There are various linearized approximations for the nonlinear equation 6. In the simplest of these, the analysis is limited to the case of small amplitudes (small values for j 0 ). Note that if j is small, then the sine function can be approximated by sin j ≈ j, and the nonlinear differential equation 6 becomes a linear differential equation that can easily be solved; integrating it, it can be easily seen that, for small defl ections, the value of the angle at the free end of the beam, j 0 , disappears from the equation and we obtain F = p 2 EI/4L 2 . This implies that F is not dependent on the angle j 0 at small defl ections. When the applied force is less than p 2 EI/4L 2 , there is no defl ection of the column and hence no buckling [25, 28] . If the applied force, F, is gradually increased, the straight form of equilibrium becomes unstable and a small lateral force will produce a defl ection which does not disappear when the lateral force is removed. The critical load (or Euler load), F cr , is then defi ned as the smallest axial force which can maintain the column in a slightly bent form, and for the slender cantilever column we are analyzing its value is:
In another linearized approximation, the sin j term is substituted in equation 6, not as in the previous case by the linear function j, but by a function proportional to the angle j, with the proportionality 'constant' being a function f(j 0 ) of the slope, j 0 :
where f(j 0 ) must be determined. Substituting equation 13 into equation 6 gives:
which is a linear differential equation that can be easily integrated. Taking into account equation 7 and that, at the free end, j(L) = j 0 , its solution is:
where w is given by: 
As can be seen in equation 17, the angle, j 0 , depends on the length, L. One simple possibility is to consider the following function [29] :
where n is a positive constant to be determined. A recent paper [30] suggested the expression:
where m is a positive constant to be determined. In both equation 19 and equation 20 there is a parameter to be determined that is obtained by comparing the fi rst terms of the power series expansion for equation 17 with the corresponding fi rst terms of the power series expansion for the exact length [28] [29] [30] . The exact expression of length L is given by the expression:
where k = sin 2 (j 0 /2) and K(k) is the complete elliptic integral of the fi rst kind [31] . It is easy to see that equation 21 can be expressed as a function of the critical load (equation 12) as follows:
The fi rst two terms of the power series expansion of equation 22 are:
In order to obtain the optimum value of n in equation 19, equation 17 is expanded in the Taylor series, taking into account the expression for f(j 0 ) given in equation 19. Comparing this series expansion with equation 23, n = 3/4 is obtained [29] . By the same procedure, m = 3 2 is calculated with the second approximation [30] . Now, f(j 0 ) is given by equation 20. Thus, the two expressions for the approximate lengths, L, are [29] , fi rstly, with the approximation considered in equation 19 , and [30] : The quality of these approximations can be determined by comparing them with the exact value of the length, L, that is given by equation 21. However, instead of doing this, fi rst we can compare, term by term, the power series expansion of the exact length of the column given by: 
If we compare, term by term, the exact equation (26) with the approximate equations (27 and 28) we can see that the two latter equations coincide with the exact equation only up to the second term (j 2 0 ) (the other terms are different). Since the fi rst two terms of these series are identical, series 27 and 28 track series 26 closely for small amplitudes, but as the coeffi cients of the third (and subsequent) terms of series 27 and 28 are different for their counterparts in series 26, the difference between these approximate expressions for the length and the exact value increases as j 0 , the angle at the free end, increases. Even so, and as shown in [30] , equation 25 is a better approximation to the exact value than is equation 24, as can be seen by comparing the coeffi cients of the powers j 4 0 and j 6 0 of the series expansions of the exact and approximate lengths.
A more accurate approximation
We shall now see that it is possible to fi nd a linearized approximation in equation 13 that is better than those of equations 19 and 20. As has been shown, in both equation 19 and equation 20 there is only one unknown positive constant, so when we make a comparison with the exact value, this can be done only by considering the series expansion of the exact length up to the power j 2 0 . If an approximate function f(j 0 ) with two unknown parameters is considered, it would be possible to compare the series expansion of the approximate length obtained with this function, International Journal of Mechanical Engineering Education 35/4 f(j 0 ), with the series expansion of the exact period, but in this case taking into consideration not only the coeffi cient of the power j 2 0 but also that of the power j 4 0 . Taking the fi rst (equation 19 ) and second (equation 20) approximations as our starting point, we suggest the following expression for function f(j 0 ):
where m and n are positive constants to be determined. Thus, the approximate length is given by:
Obviously, when n = 3/4 = 0.75 and m = 1 we have the fi rst approximation, in equation 24 [29] , whereas when n = 1 and m = = 3 2 0 8660 . we have the second approximation, in equation 25 [30] . In order to obtain optimum values for the parameters m and n in equation 30, the power series expansion of the right-hand side of equation 30 is performed -it is easy to do this, for example, by using one of the packages of commercial software available, such as Mathematica -and we obtain: 
Comparing, term by term, the series expansions of equations 26 and 31, it can be seen that it is necessary to simultaneously satisfy the following two equations: Comparing the values obtained for n and m with those corresponding to the approximations of a single parameter, it can be seen that the new approximation proposed in this study is closer to the second approximation (equation 20), characterized by m ≠ 0 and n = 0, than to the fi rst approximation (equation 19 ), characterized by m = 0 and n ≠ 0. This is only logical, since, as shown in the previous section, when compared with the series expansion of the exact length, the second approximation is better than the fi rst. Table 1 shows the values of n and m for the different approximations analyzed in this study.
In order to determine the quality of this new approximation, we compare equation 26, that is, the series expansion of the exact length, with the series expansion of equation 34, which we can write as follows: . . .
It can be seen that the two coincide up to the term j 4 0 and, furthermore, the coeffi cient of the power j 6 0 is also closer to the expansion coeffi cient of the exact length (164.5/737280 versus 173/737280) than the corresponding coeffi cients using the fi rst (223.5/737280) and the second (156.9/737280) approximations. The values of the exact and approximate slopes, j 0 , for different values of the quotient F/F cr , are presented in Table 2 , which shows that the new approximation introduced in this paper (equation 34) gives a greater accuracy than previous approximations. Thus, for example, the relative error between the approximate values and the exact value is less than 1% for j 0 < 143° if we consider the approximation suggested in this paper. However, for the relative error to be less than 1% in the fi rst approximation (with only the n parameter [29] ), j 0 must be <91°, and in the second approximation (with only m parameter [30] ) it must be <135°.
Conclusions
Post-buckling analysis of uniform slender cantilever columns under a load consisting of a tip-concentrated load has been carried out based on an approximate linearized formulation. Approximate solutions of this problem were compared with the exact results. The main result is relatively simple and accurate for very large slopes, and is better than previously published linearized approximations [29, 30] . In fact, the percentage error of this approximation remains less than 1% for angles up to 143°. However, it is important to point out that when one of these expressions is used to calculate the slope at the free end of the cantilever column, we are using an expression that is not exact but only a convenient approximation that allows the value of the slope to be easily obtained with suffi cient accuracy.
Appendix
By integrating the nonlinear differential equation 6, it is possible to obtain the following expression for the arc length, s, as a function of the slope, j, at any point along the arc length with respect to the x-axis [23, 31] : The total length, L, which corresponds to s for the unknown angle, j 0 , at the free end of the column, is [23, 31] : Equations A1, A2 and A4 can be expressed in terms of elliptical integrals as follows [23] : , π 2 (A6)
, , ϕ ϕ (A7)
In equations A5, A6 and A7, k = sin 2 (j 0 /2), F(k,j) is the incomplete elliptic integral of the fi rst kind, F(k,p2) = K(k) is the complete elliptic integral of the fi rst kind and E(k,j) is the incomplete elliptic integral of the second kind [31] .
